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Abstract
In this paper we study the quantisation of Dirac field theory in the κ-deformed space-time. We
adopt a quantisation method that uses only equations of motion for quantising the field. Starting
from κ-deformed Dirac equation, valid up to first order in the deformation parameter, we derive
deformed unequal time anti-commutation relation between deformed field and its adjoint, leading
to undeformed oscillator algebra. Exploiting the freedom of imposing a deformed unequal time
anti-commutation relations between κ-deformed spinor and its conjugate, we also derive a deformed
oscillator algebra. We show that deformed number operator is the conserved charge corresponding
to global phase transformation symmetry. We construct the κ-deformed conserved currents, valid up
to first order in a, corresponding to parity and time-reversal symmetries of κ-deformed Dirac equation.
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1 Introduction
The notion of non-commutative space-time serves an elegant way of studying the gravitational effects
at Planck length scales [1]. Different approaches to quantum gravity introduce minimal length scale
and non-commutativity provides a natural paradigm to incorporate such a length scale. Certain type
of non-commutative space-time was shown to appear naturally in the low energy limit of string theory
in [2]. Similarly, loop quantum gravity predicts the appearance of non-commutative space-time in its low
energy limit. Quantum field theories in non-commutative space-times have been studied as a possible
approach to handle the divergences [3]. The field theories defined on non-commutative space-time is
known to exhibit the mixing of UV and IR divergences [4] and are known to be inherently non-local and
non-linear. The underlying symmetry of the field theories on non-commutative space-time is known to
be realised through Hopf algebra [5].
The two well studied non-commutative space-times are Moyal space-time [2] and κ-deformed space-
times. The commutation relation between the space-time coordinates of Moyal space-time is a constant
tensor, i.e,
[xˆµ, xˆν ] = Θµν
whereas the space-time coordinates of κ-deformed space-time obeys a Lie-algebra type commutation
relation, i.e
[xˆµ, xˆν ] = aµxˆν − aν xˆµ.
This space-time is shown to be the underlying space-time of deformed/doubly special relativity (DSR)
[6]. DSR is an extension of the special theory of relativity, accomodating a fundamental length scale
in a frame independent way [7]. This modification of the special theory of relativity was motivated by
the fact that many different approaches to the theory of microscopic gravity predict the existence of
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a fundamental length scale. DSR is also known to modify the energy-momentum dispersion relation.
It has been shown in [8], that the symmetry algebra of the κ-deformed space-time is defined by the
κ-Poincare algebra, which is a Hopf algebra. The symmetry algebra of the κ-deformed space-time can
also be realised using undeformed κ-Poincare algebra, where the defining relations are same as that of
the usual Poincare algebra, but then the explicit form of the generators are deformed [9–13].
Various studies have been carried out analysing field theory models defined in κ-deformed space-
time [14–24]. In most of these studies, field equations, which are invariant under the symmetry algebra,
defined in κ-deformed space-times are set up from the κ-deformed quadratic Casimir [9] of the algebra.
Since the quadratic Casimir has higher-order derivatives, the Lagrangian corresponding to these de-
formed field equations also contains higher-order derivative terms in it, signalling the non-local nature
of the non-commutative field theories and make canonical quantisation difficult.
The knowledge of the explicit form of the Lagrangian is necessary for applying the canonical scheme
to quantise field theory, but there exists an alternate quantisation procedure which does not require the
Lagrangian for quantising field theories. Instead, this method uses the equations of motion of the field
theory as the starting point for the quantisation [25–27]. The quantisation of massive spin-one field
has been studied using this method [28]. In [29] covariant commutation relation for field describing an
arbitrary spin had been obtained using this method. In this method, every free field equation of motion
is converted to Klein-Gordon equation with the help of an operator called Klein-Gordon divisor [25–27].
This Klein-Gordon divisor is then used to define an unequal time anti-commutation relation between
the spinor field operator and its adjoint operator such that the field equations are consistent with the
Heisenberg’s equations of motion and it leads to the usual (anti-) commutation relations between the
creation and annihilation operators, which appears in the decomposition of the field operator. In this
procedure, the equations of motion facilitate the derivation of the conserved currents corresponding
to the symmetry transformation, without referring Lagrangian [27, 30]. One of the most interesting
features of this method is that it provides a way to construct conserved currents corresponding to the
discrete symmetries [30], which is not possible using Noether’s prescription.
The Lagrangian corresponding to non-commutative field theories involves higher derivatives and
therefore it is difficult to quantise them using the conventional canonical quantisation method. Also
the equations of motion corresponding to different field theories defined in κ-deformed space-time are
constructed without referring their Lagrangians. The κ-deformed Maxwell’s equations have been derived
in [21], using Feynman’s approach and in [22] Maxwell’s equations in κ-deformed space-time have been
derived by elevating the principle of minimal coupling to κ-deformed space-time. In [23] the κ-deformed
geodesic equation has been derived by generalising the Feynman’s approach to κ-deformed space-time.
In [24] the κ-deformed Dirac equation has been derived by replacing the commutative derivative with
Dirac derivative, which transform as a four-vector under undeformed κ-Poincare algebra. In all these
works, the equations of motion were obtained, but not the Lagrangian. Different gauge theory models
in κ-deformed space-time has been constructed and studied in [31]. In [32] the quantisation of the
κ-deformed Klein-Gordon field has been studied using the above-mentioned procedure, resulting in a
κ-deformed oscillator algebra, which modifies the number operator and thus modifying the Unruh effect
also. Thus it is of intrinsic interest to study quantisation whose starting point is equation of motion
and not the Lagrangian.
In this paper, we use the above-described procedure [25–27] for quantising the κ-deformed Dirac field,
starting from its field equation, valid up to first order in a. This κ-deformed equation was constructed
by replacing, in the usual Dirac equation, the commutative derivative with Dirac derivative, which
transforms as a four-vector under undeformed κ-Poincare algebra. We derive the deformed unequal
time anti-commutation relation between the deformed field operator and its adjoint, using the usual
oscillator algebra. We further obtain a deformed oscillator algebra which keeps the unequal time anti-
commutation relation between the κ-deformed field and it’s adjoint undeformed. We show that the
deformed number operator is the conserved charge corresponding to the global phase transformation
symmetry and also derive the deformed conserved currents corresponding to the parity and the time-
reversal symmetry of the κ-deformed Dirac equation, valid up to first order in a.
Organisation of the paper is as follows. In sec. 2, we briefly discuss the quantisation procedure
that uses only the equations of motion as the starting point and defines anti-commutation relation
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between the spinor field and its adjoint in terms of the Klein-Gordon divisor, which acting on the
equation of motion, transforms it into Klein-Gordon equation. Using this equation of motion, the
expression for the conserved current, corresponding to a symmetry transformation, is then defined. In
sec. 3 we summarise the construction of the κ-deformed Dirac equation, valid up to first order in a, by
replacing commutative derivative with Dirac derivative, such that product of deformed field equation
and its adjoint equation gives the κ-deformed Klein-Gordon equation, valid up to first order in a. We
also obtain the κ-deformed Klein-Gordon divisor. In sec. 4 we solve the κ-deformed Dirac equation
perturbatively, valid up to first order in a, and using this we derive the deformed unequal time anti-
commutation relation between deformed field and its adjoint, using the undeformed oscillator algebra.
We also derive the deformed oscillator algebra by demanding that the unequal time anti-commutation
relation between deformed field and its adjoint is unaffected by the κ-deformation of space-time. In sec.
5 we show that the deformed number operator is the conserved charge corresponding to global phase
transformation symmetry of a deformed Dirac field. In subsec. 5.1 and 5.2, we derive the deformed
conserved currents corresponding to parity and time-reversal symmetry of κ-deformed Dirac equation,
respectively. In sec. 6 we discuss our results and present conclusions. In appendix A, we show that in the
limit of commutative space-time the conserved charges obtained above reduce to the generators of the
corresponding symmetry transformations. In appendix B, we derive the κ-deformed energy-momentum
tensor and using it obtain the deformed conserved four momenta and the angular momenta, valid up
to first order in a.
Here we use ηµν = diag(−1, 1, 1, 1).
2 Quantisation without Lagrangian
In this section we give a brief review of the quantisation procedure introduced by Y. Takahashi and H.
Umezawa in [25]. This method does not require the explicit form of the Lagrangian for quantisation of
the fields but needs only the equations of motion satisfied by the field for its quantisation.
The equations of motion corresponding to a free field and its adjoint can be expressed as
Λ(∂)φ(x) = 0, φ¯(x)Λ(−
←−
∂ ) = 0, (2.1)
respectively. Here Λ(∂) is a polynomial of derivative operators ∂µ, whose explicit form is given as
Λ(∂) =
N∑
l=0
Λµ1µ2....µl∂µ1∂
µ2 ....∂µl
= Λ +Λµ∂
µ + Λµν∂
µ∂ν + Λµνρ∂
µ∂ν∂ρ + .....+ Λµ1µ2µ3.....µN∂
µ1∂µ2∂µ3 .........∂µN
(2.2)
The above construction is valid when the Λ’s are symmetric in its indices.
According to this procedure every free field equations of motion reduces to Klein-Gordon equation
when it is acted upon by an operator called Klein-Gordon divisor, denoted by d(∂), such that it satisfy
the relations
Λ(∂)d(∂) = −m2, [Λ(∂), d(∂)] = 0, det[d(∂)] 6= 0. (2.3)
For Klein-Gordon field, d(∂) is the identity operator-1. Similarly for a Dirac field, we have Λ(∂) = i/∂+m
and d(∂) = i/∂ −m.
The field operator satisfying the equation of motion given in Eq.(2.1) is decomposed using the
creation and the annihilation operator as
φ(x) =
∫
d3p√
(2π)32Ep
(
up(x)a(p) + u¯p(x)a
†(p)
)
. (2.4)
Here, up(x) satifies Λ(∂)up(x) = 0. For a bosonic field, the creation and annihilation operators appearing
in Eq.(2.4) satisfy canonical commutation relation. Similarly for a fermionic field they obey anti-
commutation relations given by
[a(k), a(k′)]+ = [a
†(k), a†(k′)]+ = 0, [a(k), a
†(k′)]+ = δ
3(k − k′). (2.5)
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The field operator, defined in Eq.(2.4), and its adjoint operator follow an unequal time (anti-)commutation
relation in the light cone. This canonical (anti-)commutation relation is compatible with Heisenberg’s
equation of motion [25,27],
i∂µφ(x) = [φ(x), Pµ] (2.6)
satisfied by the field operator φ(x). The unequal time anti-commutation relation (if the corresponding
creation and annihilation operators follow Eq.(2.5)) between spinor field and its conjugate is given by
[φ(x), φ¯(x′)]+ = id(∂)∆(x − x
′) (2.7)
where
∆(x− x′) =
∫
d3p
(2π)32Ep
(e−ip(x−x
′) − eip(x−x
′)).
The above quantisation scheme also provides a unique way of constructing the conserved current from
the corresponding equations of motion, without using its Lagrangian [25,27,30]. The conserved current
is derived with the help an operator, Γµ(∂,−
←−
∂ ) which is defined as
Γµ(∂,−
←−
∂ ) =
N−1∑
l=0
l∑
i=0
Λµµ1.....µl∂µ1 .....∂µi (−
←−
∂ µi+1)......(−
←−
∂ µl)
= Λµ + Λµν(∂
ν −
←−
∂
ν
) + Λµνρ(∂
ν∂ρ − ∂ν
←−
∂
ρ
+
←−
∂
ν←−
∂
ρ
) + ......
(2.8)
and it satisfies the identity
(∂µ +
←−
∂
µ
)Γµ(∂,−
←−
∂ ) = Λ(∂) − Λ(−
←−
∂ ). (2.9)
This identity allows us to verify that the conserved current, corresponding to the symmetry of the field
equation, is divergenceless.
Let us assume that the field equation and its adjoint are invariant under the transformations given
by
φ(x)→ F [x] and φ¯(x)→ G[x] (2.10)
where F [x] and G[x] are functionals of the field operator. Under the above transformations, the equa-
tions of motion corresponding to field and its adjoint becomes
Λ(∂)F [x] = 0 and G[x]Λ(−
←−
∂ ) = 0, (2.11)
respectively. Now using the operator Γµ(∂,−
←−
∂ ), defined in Eq.(2.8), the conserved current is defined
as
Jµ(x) = G[x]Γµ(∂,−
←−
∂ )F [x]. (2.12)
Thus constructed conserved current provides a definition of normalisation of field operators. Using this
procedure one can also obtain the conserved currents corresponding to the discrete symmetries.
3 κ-deformed Dirac equation
In this section we summarise the κ-deformed Dirac equation, valid up to first order in a [24]. The
κ-deformed space-time coordinates satisfy a Lie-algebra type commutation relations given by
[xˆi, xˆj] = 0, [xˆ0, xˆi] = iaxˆi (3.1)
where a is the κ-deformation parameter having the dimension of length and we choose a specific reali-
sation for the κ-deformed space-time [9], i.e.,
xˆµ = xαϕ
α
µ . (3.2)
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Substituting Eq.(3.2) in Eq.(3.1), we get realisation for κ-deformed space-time coordinate as
ϕ00 = 1, ϕ
0
i = 0, ϕ
i
0 = 0, ϕ
i
j = δ
i
je
−A, (3.3)
where A = ap0. The symmetry algebra of the κ-space-time is defined through undeformed κ-Poincare
algebra [9, 10]. Since the commutative derivatives do not transform as 4-vector under undeformed
κ-Poincare algebra, Dirac derivatives are defined for this purpose and they are given by
Di = ∂i
e−A
ϕ
, D0 = ∂0
sinhA
A
− ia∂2i
e−A
2ϕ2
. (3.4)
The quadratic Casimir of the undeformed κ-Poincare algebra is constructed using Dirac derivatives as
DµD
µ = 
(
1 +
a2
4

)
, (3.5)
where  = ∂2i
e−A
ϕ2
+ 2∂20
(1−coshA)
A2
. Thus we construct the κ-deformed Klein-Gordon equation using
Eq.(3.5) as (

(
1 +
a2
4

)
−m2
)
φˆ(x) = 0. (3.6)
Up to first order in a, this κ-deformed Klein-Gordon equation becomes(
∂2i − ∂
2
0 −m
2 − ia∂0∂
2
i
)
φˆ(x) = 0. (3.7)
Now we obtain the κ-deformed Dirac equation and its conjugate equation, by replacing the commutative
derivative with Dirac derivative, as (
iDµγ
µ +m
)
ψˆ(x) = 0, (3.8)
and
¯ˆ
ψ(x)
(
i
←−
Dµγ
µ −m
)
= 0. (3.9)
The product of Eq.(3.8) and Eq.(3.9) gives the κ-deformed Klein-Gordon equation, i.e, Eq.(3.6). Up to
first order in a, Eq.(3.8) and Eq.(3.9) become(
i∂µγ
µ +
a
2
γ0∂2i +m
)
ψˆ(x) = 0, (3.10)
¯ˆ
ψ(x)
(
i
←−
∂ µγ
µ +
a
2
γ0
←−
∂
2
i −m
)
= 0, (3.11)
and their product gives Eq.(3.7) (here we have used [γµ, γν ]+ = −2η
µν), i.e.,(
i∂µγ
µ +
a
2
γ0∂2i +m
)(
i∂νγ
ν +
a
2
γ0∂2i −m
)
= − ia∂0∂
2
i −m
2. (3.12)
In the κ-deformed space-time, valid up to first order in a, first of Eq.(2.3) becomes
Λˆ(∂)dˆ(∂) = −m2 − ia∂0∂
2
i . (3.13)
Comparing Eq.(3.12) with Eq.(3.13), we identify
Λˆ(∂) = i∂νγ
ν +
a
2
γ0∂2i +m, (3.14)
and κ-deformed Klein-Gordon divisor as
dˆ(∂) = i∂µγ
µ +
a
2
γ0∂2i −m. (3.15)
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4 Quantisation of κ-deformed spinor field
In this section we quantise the Dirac equation defined in the κ-deformed space-time by applying the
above procedure [25–27] and obtain the corresponding deformed oscillator algebra, valid up to first order
in a. We also show that by requiring the unequal time anti-commutation relation between spinor and
its conjugate to be undeformed, we obtain a deformation of the oscillator algebra.
The κ-deformed field operator and its adjoint are decomposed using creation and anihilation oper-
ators as
ψˆ(x) =
∫
d3p√
(2π)32Ep
∑
s=1,2
(
aˆs(p)uˆs(p)e
−ipx + bˆ†s(p)vˆs(p)e
ipx
)
(4.1)
and
¯ˆ
ψ(x) =
∫
d3p√
(2π)32Ep
∑
s=1,2
(
aˆ†s(p)
¯ˆus(p)e
ipx + bˆs(p)¯ˆvs(p)e
−ipx
)
, (4.2)
respectively. Here Ep =
√
p2 +m2, is the commutative disperison relation. ψˆ(x) and
¯ˆ
ψ(x) defined
in Eq.(4.1) and Eq.(4.2) satisfy Eq.(3.10) and Eq.(3.11), respectively. We find that uˆs(p)e
−ipx and
vˆs(p)e
ipx obey the κ-deformed Dirac equation, i.e, Λˆ(∂)(uˆs(p)e
−ipx) = 0 and Λˆ(∂)(vˆs(p)e
ipx) = 0. Now
we solve these equations perturbatively by expanding uˆs(p) and vˆs(p) up to first order in a, as
uˆ(p) = u(0)(p) + aαu(1)(p), vˆ(p) = v(0)(p) + aαv(1)(p), (4.3)
where α is a parameter having the dimension of [L]−1, i. e.,(
i∂µγ
µ +
a
2
γ0∂2i +m
)
(u(0)(p) + aαu(1)(p))e−ipx = 0, (4.4)
and (
i∂µγ
µ +
a
2
γ0∂2i +m
)
(v(0)(p) + aαv(1)(p))eipx = 0. (4.5)
Let us consider Eq.(4.4) first. By separating the a independent and a dependent terms, we get two
equations as(
iγµ∂µ +m
)
u(0)(p)e−ipx = 0;
(
iαγµ∂µ + αm
)
u(1)(p)e−ipx +
1
2
γ0∂2i u
(0)e−ipx = 0. (4.6)
After re-writing, second of Eq.(4.6) as(
iγµ∂µ +m
)
u(1)(p)e−ipx =
1
2α
γ0p2iu
(0)e−ipx, (4.7)
we use Green’s function method to solve this inhomogeneous differential equation and the solution is
obtained as
u(1)e−ipx = u(0)e−ipx +
∫
d4x′G(x− x′)j(x′), (4.8)
where,
(
iγµ∂µ+m
)
G(x−x′) = δ4(x−x′) and j(x) = 12αγ
0p2iu
(0)e−ipx. The Green’s function G(x−x′)
is given by
G(x− x′) = −
∫
d4p
(2π)4
/p−m
p2 +m2
e−ip(x−x
′). (4.9)
We shift the poles by iǫ and evaluate the integral as
G(x− x′) =−
∫
d4p
(2π)4
/p−m
p2 +m2 + iǫ
e−ip(x−x
′)
=−
∫
d4p
(2π)4
i/∂ −m
p2 +m2 + iǫ
e−ip(x−x
′)
=− (i/∂ −m)
∫
d4p
(2π)4
1
p2 +m2 + iǫ
e−ip(x−x
′)
=(i/∂ −m)∆F (x− x
′)
(4.10)
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where ∆F (x−x
′) = −
∫
d4p
(2π)4
1
p2+m2+iǫ
e−ip(x−x
′) is the propagator for the complex Klein-Gordan equation
and from [32] we find
G(x− x′) = −(i/∂ −m)
∫
d3p
(2π)3
i
2Ep
[
θ(t− t′)e−ip(x−x
′) − θ(t′ − t)eip(x−x
′)
]
. (4.11)
Substituting Eq.(4.11) in Eq.(4.8), we get
u(1)(p)e−ipx = u(0)(p)e−ipx − i
∫
d4x′
(2π)3
∫
d3p′
2Ep′
(
(i /∂′ −m)
[
θ(t− t′)e−ip
′(x−x′)
− θ(t′ − t)eip
′(x−x′)
]) p2i
2α
γ0u(0)(p)e−ipx
′
(4.12)
= u(0)(p)e−ipx −
i
2α
∫
d4x′
(2π)3
∫
d3p′
2Ep′
[
− iδ(t− t′)e−ip
′(x−x′) − iδ(t′ − t)eip
′(x−x′)
]
p2i u
(0)(p)e−ipx
′
+
i
2α
∫
d4x′
(2π)3
∫
d3p′
2Ep′
[
(/p
′ +m)θ(t− t′)e−ip
′xe−i(p−p
′)x′ + (/p
′ −m)θ(t′ − t)eip
′xe−i(p+p
′)x′
]
γ0p2iu
(0)(p)
(4.13)
= u(0)(p)e−ipx−
1
2α
∫
d3p′
2Ep′
[
e−ip
′·xeiEpt
∫
d3x′
(2π)3
ei(p
′−p)·x′ + eip
′·xeiEpt
∫
d3x′
(2π)3
e−i(p
′+p)·x′
]
p2iu
(0)(p)+
iπ
α
∫
d3p′
2Ep′
[
(/p
′+m)θ(t−t′)e−ip
′x
∫
d4x′
(2π)4
e−i(p−p
′)x′+(/p
′−m)θ(t′−t)eip
′x
∫
d4x′
(2π)4
e−i(p+p
′)x′
]
γ0p2iu
(0)(p)
(4.14)
Now we use integral representation of step function, i. e, Θ(t − t′) = limǫ→0
1
2πi
∫
dk e
ik(t−t′)
k−iǫ
and the
identity, δ(x− a)f(x) = δ(x)f(a) in the last two terms on RHS of Eq.(4.14) and we get
u(1)(p)e−ipx = u(0)(p)e−ipx −
1
2α
p2i
Ep
u(0)(p)e−ipx. (4.15)
Thus we get
uˆ(p) =
(
1 + aα−
a
2
p2i
Ep
)
u(0)(p). (4.16)
Now we consider Eq.(4.5) and by separating it in to a independent and a dependent coefficient terms,
we get (
iγµ∂µ +m
)
v(0)(p)eipx = 0,
(
iαγµ∂µ + αm
)
v(1)(p)eipx +
1
2
γ0∂2i v
(0)eipx = 0. (4.17)
We follow the similar steps as we did to find uˆ(p) and obtain v(1)(p) and vˆ(p) as
v(1)(p) =
(
1−
1
2α
p2i
Ep
)
v(0)(p), (4.18)
and
vˆ(p) =
(
1 + aα−
a
2
p2i
Ep
)
v(0)(p). (4.19)
We consider the κ-deformed version of the unequal time anti-commutation relation between κ-deformed
Dirac field operator and its adjoint as given in Eq.(2.7)
[ψˆ(x),
¯ˆ
ψ(x′)]+ = idˆ(∂)∆ˆ(x− x
′) (4.20)
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For a fermionic theory we assume the anti-commutation relations between deformed creation and ani-
hilation operators in the usual form, i. e.,
[aˆs(p), aˆs′(p
′)]+ = [bˆs(p), bˆs′(p
′)]+ = [aˆ
†
s(p), aˆ
†
s′(p
′)]+ = [bˆ
†
s(p), bˆ
†
s′(p
′)]+ = 0,
[aˆs(p), aˆ
†
s′(p
′)]+ = [bˆs(p), bˆ
†
s′(p
′)]+ = δss′δ
3(p − p′).
(4.21)
We now evaluate the LHS of Eq.(4.20) after substituting Eq.(4.16) and Eq.(4.19) in Eq.(4.1) and
Eq.(4.2), i.e.,
[ψˆ(x),
¯ˆ
ψ(x′)]+ =
∫
d3p d3p′
(2π)3
√
2Ep2Ep′
∑
s,s′=1,2
{
[aˆs(p), aˆ
†
s′(p
′)]+
(
u˜(0)s (p, x)¯˜u
(0)
s′ (p
′, x′)
+aα(u˜(0)s (p, x)¯˜u
(1)
s′ (p
′, x′) + u˜(1)s (p, x)¯˜u
(0)
s′ (p
′, x′))
)
+[bˆs(p), bˆ
†
s′(p
′)]+
(
v˜(0)s (p, x)¯˜v
(0)
s′ (p
′, x′) + aα(v˜(0)s (p, x)¯˜v
(1)
s′ (p
′, x′) + v˜(1)s (p, x)¯˜v
(0)
s′ (p
′, x′))
)}
.
(4.22)
(here we have defined u˜(p, x) = u(p)e−ipx and v˜(p, x) = v(p)eipx). Using Eq.(4.21) in Eq.(4.22), we get
[ψˆ(x),
¯ˆ
ψ(x′)]+ =
∫
d3p
(2π)32Ep
∑
s=1,2
{
u(0)s (p)u¯
(0)
s (p)e
−ip(x−x′) + aα(u(0)s (p)u¯
(1)
s (p) + u
(1)
s (p)u¯
(0)
s (p))e
−ip(x−x′)
+v(0)s (p)v¯
(0)
s (p)e
ip(x−x′) + aα(v(0)s (p)v¯
(1)
s (p) + v
(1)
s (p)v¯
(0)
s (p))e
ip(x−x′)
}
.
(4.23)
Using Eq.(4.15) and Eq.(4.18), we evaluate u
(0)
s (p)u¯
(1)
s (p), u
(1)
s (p)u¯
(0)
s (p), v
(0)
s (p)v¯
(1)
s (p), v
(1)
s (p)v¯
(0)
s (p)
as
u(0)s (p)u¯
(1)
s (p) = u
(0)
s (p)u¯
(0)
s (p)
(
1−
1
2α
p2i
Ep
)
, (4.24)
u(1)s (p)u¯
(0)
s (p) = u
(0)
s (p)u¯
(0)
s (p)
(
1−
1
2α
p2i
Ep
)
, (4.25)
v(0)s (p)v¯
(1)
s (p) = v
(0)
s (p)v¯
(0)
s (p)
(
1−
1
2α
p2i
Ep
)
, (4.26)
v(1)s (p)v¯
(0)
s (p) = v
(0)
s (p)v¯
(0)
s (p)
(
1−
1
2α
p2i
Ep
)
. (4.27)
Substituting Eq.(4.24), Eq.(4.25), Eq.(4.26) and Eq.(4.27) in Eq.(4.23) and using the completeness
relation i.e,
∑
s=1,2 u
(0)
s u¯
(0)
s = /p−m and
∑
s=1,2 v
(0)
s v¯
(0)
s = /p+m, we get
[ψˆ(x),
¯ˆ
ψ(x′)]+ =i(1 + 2aα)(i/∂ −m)∆(x− x
′)− 2a(i/∂ −m)
∫
d3p
(2π)3
p2i
(2Ep)2
(
e−ip(x−x
′) − eip(x−x
′)
)
.
(4.28)
We notice that first terms of the Eq.(4.24), Eq.(4.25), Eq.(4.26) and Eq.(4.27) add up and contribute
the i2aα(i/∂ − m)∆(x − x′) term present in the RHS of Eq.(4.28). Similarly the second term of the
Eq.(4.24), Eq.(4.25), Eq.(4.26) and Eq.(4.27) add up and contribute the α independent correction term
in Eq.(4.28) and this last integral vanishes as the integrand being an odd function. Now we compute
the RHS of Eq.(4.20) as
idˆ(∂)∆ˆ(x− x′) =i
(
i/∂ +
a
2
γ0∂2i −m
)(
∆(x− x′) + a∆(1)(x− x′)
)
=i(i/∂ −m)∆(x− x′) + ia(i/∂ −m)∆(1)(x− x′) + i
a
2
γ0
∫
d3p
(2π)32Ep
p2i
(
e−ip(x−x
′) − eip(x−x
′)
)
.
(4.29)
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In the above equation, ∆(1)(x− x′) is the first order correction to ∆ˆ(x− x′), which is to be calculated.
Here too the last integral vanishes as the integrand being an odd function. Now we compare this with
Eq.(4.28) and find that ∆(1)(x − x′) = 2α∆(x − x′) for the undeformed oscillator algebra given in
Eq.(4.21). Hence we find that ∆ˆ(x − x′) is same as that obtained for the κ-deformed Klein-Gordon
equation [32]. Thus the anti-commutation relation between deformed field operator and its adjoint
becomes
[ψˆ(x),
¯ˆ
ψ(x′)]+ = i(1 + 2aα)(i/∂ −m)∆(x− x
′). (4.30)
Now we consider a situtation where the anti-commutation relation between creation and annihilation
operators is allowed to be deformed, and this deformation is vaild up to first order in a. i.e, we assume
the deformed oscillator algebra to be of the form
[aˆs(p), aˆs′(p
′)]+ = [bˆs(p), bˆs′(p
′)]+ = [aˆ
†
s(p), aˆ
†
s′(p
′)]+ = [bˆ
†
s(p), bˆ
†
s′(p
′)]+ = 0,
[aˆs(p), aˆ
†
s′(p
′)]+ = [bˆs(p), bˆ
†
s′(p
′)]+ = h(a)δss′δ
3(p− p′).
(4.31)
Note that in the above, h(a) is an unknown function in a. Using this deformed oscillator algebra in
Eq.(4.22) and following the above steps, we get the, unequal time anti-commutation relation between
deformed field operator and its adjoint in the form
[ψˆ(x),
¯ˆ
ψ(x′)]+ = ih(a)(1 + 2aα)(i/∂ −m)∆(x− x
′). (4.32)
We now choose h(a) such that the anti-commutation relation between deformed field operator and its
adjoint becomes undeformed, up to first order in a. This sets h(a) = 1 − 2aα. Thus the undeformed
anti-commutation relation between deformed field operator and its adjoint takes the form
[ψˆ(x),
¯ˆ
ψ(x′)]+ = i(i/∂ −m)∆(x− x
′). (4.33)
The κ-deformed anti-commutation relations between deformed creation and anihilation operator are
thus given by
[aˆs(p), aˆs′(p
′)]+ = [bˆs(p), bˆs′(p
′)]+ = [aˆ
†
s(p), aˆ
†
s′(p
′)]+ = [bˆ
†
s(p), bˆ
†
s′(p
′)]+ = 0,
[aˆs(p), aˆ
†
s′(p
′)]+ = [bˆs(p), bˆ
†
s′(p
′)]+ = (1− 2aα)δss′δ
3(p− p′).
(4.34)
We observe that the deformation factor appearing in the deformed oscillator corresponding to κ-
deformed Dirac field is same as that of the deformation factor appearing in the deformed oscillator
algebra of κ-deformed Klein-Gordon field [32].
5 κ-deformed conserved currents
In this section we derive the conserved currents corresponding to global phase transformation as well
as those corresponding to discrete symmetry transformation of κ-Dirac equation, valid up to first order
in a, using the operator, Γˆµ(∂,−
←−
∂ ) defined in Eq.(2.8).
The Γˆµ(∂,−
←−
∂ ) operator for the κ-deformed Dirac field is constructed from Λˆ(∂), by substituting
Λˆ(∂) in Eq.(2.8) and its explicit form, valid up to first order in a is given by
Γˆµ(∂,−
←−
∂ ) = iγµ +
a
2
γ0δµi(∂i −
←−
∂ i). (5.1)
It is to be noted that the second term in the RHS is soley due to the contribution from the κ-deformation,
valid up to first order in a. Now using Eq.(2.12), we write the expression for the deformed conserved
current as
Jˆµ =
¯ˆ
ψ(x)Γˆµ(∂,−
←−
∂ )δψˆ(x) + h.c, (5.2)
where we have taken G =
¯ˆ
ψ(x) and F = δψˆ(x). Under an infintesimal global phase transformation,
we have ψˆ(x) → ψˆ′(x), where ψˆ′(x) = e−iθψˆ(x), and hence δψˆ(x) = −iθψˆ(x). Thus corresponding
deformed conserved current, using Eq.(5.2) is obtained as
Jˆµ = −i
¯ˆ
ψ(x)
(
iγµ +
a
2
γ0δµi(∂i −
←−
∂ i)
)
ψˆ(x) + h.c. (5.3)
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Next we construct the κ-deformed number operator as Nˆ =
∫
d3xJˆ0(x), i.e,
Nˆ =
∫
d3x
¯ˆ
ψ(x)γ0ψˆ(x)
=
∫
d3x
d3p√
(2π)32Ep
d3p′√
(2π)32Ep′
(
aˆ†(p)¯ˆu(p)eipx + bˆ(p)¯ˆv(p)e−ipx
)
γ0
(
aˆ(p′)uˆ(p′)e−ip
′x + bˆ†(p′)vˆ(p′)eip
′x
)
=
∫
d3x
d3p√
(2π)32Ep
d3p′√
(2π)32Ep′
(
aˆ†(p)aˆ(p′)uˆ†(p)uˆ(p′)ei(p−p
′)x + aˆ†(p)bˆ†(p′)uˆ†(p)vˆ(p′)ei(p+p
′)x
+ bˆ(p)aˆ(p′)vˆ†(p)uˆ(p′)e−i(p+p
′)x + bˆ(p)bˆ†(p′)vˆ†(p)vˆ(p′)e−i(p−p
′)x
)
(5.4)
Now substituting Eq.(4.16) and Eq.(4.19) in Eq.(5.4) and using the relations u
(0)†
s (p)v
(0)
s′ (−p) = v
(0)†
s (p)u
(0)
s′ (−p) =
0 and u
(0)†
s (p)u
(0)
s′ (p
′) = v
(0)†
s (p)v
(0)
s′ (p
′) = δss′2Ep and symplifying, we get
Nˆ =
∫
d3p
(2π)3
(
1 + 2aα− a
p2
Ep
)(
aˆ†(p)aˆ(p) + bˆ(p)bˆ†(p)
)
(5.5)
We denote Nˆa(p) = aˆ
†(p)aˆ(p) and Nˆb(p) = bˆ
†(p)bˆ(p) and after normal ordering we get the deformed
number operator, valid up to first order in a, as
: Nˆ :=
∫
d3p
(2π)3
(
1 + 2aα− a
p2
Ep
)(
Nˆa(p)− Nˆb(p)
)
. (5.6)
Here we see that the deformed number operator gets modified by a term that depends only on aα as
well as a mass-dependent term, −a p
2
Ep
. In the commutative limit, i. e, a → 0, we recover the Dirac
number operator as, : N :=
∫
d3p
(
Na(p)−Nb(p)
)
.
We now consider the discrete symmetry transformation of this equation and construct corresponding
conserved currents. For this, we start with the κ-deformed Dirac equation, valid upto first order in a,
given in Eq.(3.10), re-written as(
iγ0∂0 + iγ
i∂i +
a
2
γ0∂2i +m
)
ψˆ(xi, t) = 0. (5.7)
We now consider the invariance of this equation under parity, time-reversal and charge conjugation
respectively [30].
5.1 Parity
Under the parity transformation, we have xi → −xi, t → t, ∂i → −∂i and ∂0 → ∂0, hence Eq.(5.7)
becomes (
iγ0∂0 − iγ
i∂i +
a
2
γ0∂2i +m
)
ψˆ(−xi, t) = 0 (5.8)
Let there be a matrix P such that
P
(
iγ0∂0 − iγ
i∂i +
a
2
γ0∂2i +m
)
P−1Pψˆ(−xi, t) = 0 (5.9)
where P
(
iγ0∂0 − iγ
i∂i +
a
2γ
0∂2i +m
)
P−1 is Λˆ(∂), given in Eq.(3.14), then Pψˆ(−xi, t) = ψˆp(xi, t) will
satisfy the κ-deformed Dirac equation. We find the P = γ0, satisfy above requirement and it is the
same as that in the commutative case. Thus parity is a symmetry for κ-deformed Dirac equation.
Now we determine the deformed conserved current corresponding to parity symmetry for the κ-
deformed Dirac equation, valid up to first order in a. The deformed conserved current for parity is
defined using Eq.(5.2) by taking δψˆ(x) = ψˆp(xi, t) (see appendix for details)
Jˆµ =
¯ˆ
ψ(xi, t)Γˆ
µ(∂,−
←−
∂ )Pψˆ(−xi, t) + h.c
=i
¯ˆ
ψ(xi, t)γ
µψˆp(xi, t) +
a
2
γ0δµi
¯ˆ
ψ(xi, t)(∂i −
←−
∂ i)ψˆp(xi, t) + h.c.
(5.10)
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From Eq.(5.10) we notice that the second term on RHS is purely due to the non-commutative correction
and this term is present only in the spatial part of the deformed conserved current. Now we obtain the
explicit form of the conserved charge corresponding to parity symmetry, by substituting Eq.(4.16) and
Eq.(4.19) in above, i.e, Eq.(5.10), as
Qˆp =
∫
dp3
(2π)3
(
1 + 2aα− a
p2
Ep
)(
aˆ†(p)aˆ(−p) + bˆ†(p)bˆ(−p)
)
(5.11)
Here we see that conserved charge corresponding to parity symmetry in κ-deformed space-time picks
up two correction terms, of which first one is mass independent and the second one is mass-dependent.
This non-commutative correction factor is exaclty the same as non-commutative correction term present
in the deformed number operator Eq.(5.6).
Note that the conserved charge in κ-deformed space-time has the same form as that in commutative
space-time and the a-dependent corrections come only from the deformed field operator and its adjoint.
This is due to the fact that the parity operator is same in both commutative and κ-deformed space-
time. In the commutative limit, the conserved current corresponding to the parity symmetry of Dirac
equation reduces to Jµ = iψ¯(xi, t)γ
µψp(xi, t) + h.c [30].
5.2 time-reversal
Under the time-reversal we have xi → xi, t→ −t, ∂i → ∂i and ∂0 → −∂0, hence Eq.(5.7) becomes(
− iγ0∂0 + iγ
i∂i +
a
2
γ0∂2i +m
)
ψˆ(xi,−t) = 0 (5.12)
and taking its comlpex conjugate we get(
iγ0∗∂0 − iγ
i∗∂i +
a
2
γ0∗∂2i +m
)
ψˆ∗(xi,−t) = 0. (5.13)
Let us consider a matrix T such that is obeys,
T
(
iγ0∗∂0 − iγ
i∗∂i +
a
2
γ0∗∂2i +m
)
T −1T ψˆ∗(xi,−t) = 0. (5.14)
where T
(
iγ0∗∂0 − iγ
i∗∂i +
a
2γ
0∗∂2i +m
)
T −1 is Λˆ(∂), given in Eq.(5.8). Then T ψˆ∗(xi,−t) = ψˆT (xi, t)
will satisfy the κ-deformed Dirac equation. By comparing Eq.(5.14) with Λˆ(∂) we find T γ0∗T −1 = γ0
and T γi∗T −1 = −γi and hence we obtain T = iγ1γ3. Thus time-reversal operator is the same as that in
commutative space-time. We find that time-reversal is also a symmetry for κ-deformed Dirac equation.
Now we obtain the deformed conserved current corresponding to the time-reversal symmetry of the
κ-deformed Dirac equation, valid up to first order in a. The deformed conserved current for time-reversal
is defined as [30].
Jˆµ =
¯ˆ
ψ(xi, t)Γˆ
µ(∂,−
←−
∂ )T ψˆ∗(xi,−t) + h.c
=i
¯ˆ
ψ(xi, t)γ
µψˆT (xi, t) +
a
2
γ0δµi
¯ˆ
ψ(xi, t)(∂i −
←−
∂ i)ψˆT (xi, t) + h.c.
(5.15)
From Eq.(5.15) we observe that the second term on RHS is soley due to the contribution from the first κ-
deformed correction and this term is present only in the spatial part of the κ-deformed conserved current.
Now we obtain the explicit form of the conserved charge corresponding to time-reversal symmetry, by
substituting Eq.(4.16) and Eq.(4.19) in above, as
Qˆt =
∫
d3p
(2π)3
(
1 + 2aα− a
p2
Ep
)(
aˆ†(p)aˆ∗(−p) + bˆ(p)bˆT (−p)
)
. (5.16)
We observe that the conserved charge corresponding to time-reversal symmetry in κ-deformed space-
time also posses same a dependent correction terms as in the case of parity and global phase transfor-
mation symmetries. Here too the second term depend on the mass of the particle.
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Note that the a-dependent corrections come only from the deformed field operator and its adjoint.
This is consistent with the fact that the time-reversal operator in κ space-time as in the commutative
case. In the commutative limit, the conserved current corresponding to the time-reversal symmetry
of Dirac equation reduces to Jµ = iψ¯(xi, t)γ
µψT (xi, t) + h.c [30]. It is shown in [24] that charge
conjugation is not a symmetry of κ-deformed Dirac equation. Hence, there is no κ-deformed conserved
current associated with charge-conjugation.
6 Conclusions
In this paper starting with the κ-deformed Dirac field, satisfying κ-deformed Dirac equation, valid
up to first order in a, for a particular choice of realisation, we have quantised the Dirac spinor in
κ-deformed space-time, following the method developed in [25–27]. The κ-deformed Dirac equation
has been constructed [24] from the Dirac derivative, which transform as 4-vector under undeformed
κ-Poincare algebra. It is to be noted that we quantised the κ-deformed Dirac spinor using the equations
of motion alone, without using its Lagrangian.
Using the κ-deformed Dirac equation and its adjoint equation, we have constructed the Λˆ(∂) operator
and Klein-Gordon divisor, dˆ(∂), for the deformed Dirac field in the κ-space-time, valid up to first order
in a. We further used the Λˆ(∂) operator and derived the Γˆµ(∂,−
←−
∂ ) operator, valid up to first order in a,
in the κ-deformed space-time. The κ-deformed Dirac equation is then solved perturbatively obtaining
solutions, valid up to first order in a. This solution is then used to derive the unequal-time anti-
commutation relation between the deformed Dirac field and its adjoint field, valid up to first order in a.
The expression for the anti-commutation relation is shown to be modified by the space-time deformation
and in the limit a → 0, we get back the well-known result. This modification in anti-commutator is
given in terms of the Green’s function, ∆ˆ(x − x′) and we found that ∆ˆ(x − x′) is exactly the same as
that obtained for κ-deformed Klein-Gordon equation [32]. The undeformed oscillator algebra between
the creation and annihilation operators gave rise to a deformed unequal-time anti-commutation relation
between deformed Dirac field and its adjoint field, where (1 + 2aα) is the deformation factor. In [32]
we showed that undeformed oscillator algebra leads to deformed unequal time commutation relation
between deformed Klein-Gordan field and its conjugate, with the same deformation factor (1 + 2aα).
By demanding the unequal time anti-commutation relation between deformed field and its adjoint to
be undeformed, we obtained a deformed oscillator algebra, where the deformation factor, i.e, (1− 2aα),
valid up to first order in a. This deformation factor present in the deformed oscillator algebra is also
the same as that of the deformation factor present in the deformed oscillator algebra of κ-deformed
Klein-Gordan field [32].
We have derived the κ-deformed number operator from the deformed conserved charge corresponding
to the global phase transformation symmetry as in the commutative case [27] and the number operator
picks up a mass-dependent correction term in the κ-deformed space-time. We have also studied the
discrete symmetry in the κ-deformed Dirac equation and using the Γˆµ(∂,−
←−
∂ ), the expression for the
deformed conserved current and charge, valid up to first order in a, corresponding to parity and time-
reversal symmetry have been derived, without referring to the κ-deformed Lagrangian. In both these
cases, the conserved charges have the same form as that in the commutative case and the a-dependent
correction is only from the a-dependent corrections of the deformed field and its adjoint.
7 Appendix A
Here, we give a brief summary of the construction of conserved charges appropriate for parity and
time-reversal symmetries of Dirac equation in commutative space-time [30].
From the Dirac Lagrangian, L = ψ¯(x)(i/∂ +m)ψ(x), we obtain the conjugate momenta for ψ(x) as
πψ = iψ
† satisfying the relation
{ψ(xi, t), πψ(x
′
i, t)}P.B = δ
3(xi − x
′
i). (7.1)
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The variation in ψ(x), i.e, δψ(x) due to a symmetry transformation can be determined from the generator
of the symmetry transformation using the relation given by
δψ(x) = {ψ(xi, t), Q}P.B (7.2)
The conserved current corresponding to the parity symmetry of the commutative Dirac equation is
Jµ = iψ¯(xi, t)γ
µψp(xi, t), where ψp(xi, t) = γ
0ψ(−xi, t) and the corresponding conserved charge is
Q =
∫
d3xiJ
0 = i
∫
d3xiψ
†(xi, t)γ
0ψ(−xi, t). (7.3)
Hence δψ(x) corresponding to parity symmetry is obtained by comparing Eq.(7.2) and Eq.(7.3) as
δψ(x) = ψp(xi, t) = γ
0ψ(−xi, t). Similarly for a time-reversal symmetry the conserved current is
Jµ = iψ¯(xi, t)γ
µψT (xi, t) and the corresponding conserved charge is
Q =
∫
d3xiJ
0 = −
∫
d3xiψ
†(xi, t)γ
1γ3ψ∗(xi,−t). (7.4)
Therefore δψ(x) corresponding to time-reversal symmetry is obtained from Eq.(7.2) and Eq.(7.4) as
δψ(x) = ψT (xi, t). Following these, in the κ-deformed space-time, we get δψˆ(x) = ψˆP (xi, t) corre-
sponding to parity symmetry and δψˆ(x) = ψˆT (xi, t) = γ
1γ3ψ∗(xi,−t) corresponding to time-reversal
symmetry. Since the κ-deformed charges have the same form as that in the commutative case and a
dependent corrections come only from the deformed field and its adjoint, it is natural that parity and
time-reversal operators, γ0 and iγ1γ3, are same as that in the commutative space-time.
8 Appendix B
Here, we discuss the construction of the generators of the space-time symmetry transformation in κ-
deformed space-time. The expression for the κ-deformed conserved current becomes
Jˆµ =
¯ˆ
ψ(x)Γˆµ(∂,−
←−
∂ )δψˆ(x) + h.c, (8.1)
where δψˆ(x) = ψˆ(x′)−ψˆ(x) is the infinitesimal change in the deformed Dirac field due to the infinitesimal
change in the coordinates under the transformation, xµ → x
′
µ. We determine this δxˆµ using explicit
form of Dirac derivative in following equation as
δxˆ0 = [D0, xˆ0]θ0, δxˆi = [Di, xˆi]θi (8.2)
Using Eq.(3.4) in Eq.(8.2), we get δxˆµ, valid up to first order in a, as
δxˆ0 = θ0, δxˆi = θi(1− ap0) (8.3)
Thus we obtain δψˆ(x) = −θ0∂0ψˆ(x) + θi(1− ap0)∂iψˆ(x). Hence substituting this in Eq.(8.1), we obtain
the deformed conserved current as
Jˆµ = iθν
¯ˆ
ψγµ∂νψˆ − iap0δ
νiθν
¯ˆ
ψγµ∂iψˆ +
a
2
θνδ
µi ¯ˆψγ0(∂i −
←−
∂i )∂
ν ψˆ + h.c (8.4)
The general expression for the conserved current, obtained by varying the action, is given as
Jµ = −
∂L
∂(∂µφ)
δ¯φ+ T µνδxν , (8.5)
where δ¯φ(x) = φ′(x′) − φ(x). For a space-time translation, δ¯φ(x) = 0 and δxµ = θµ. Therefore we
get the energy-momentum tensor by taking the derivative of Jµ with respect to δxν , i.e, θµ. Hence we
obtain the deformed energy-momentum tensor from Eq.(8.4) as Tˆ µν = ∂Jˆ
µ
∂θν
. Thus
Tˆ µν =
i
2
(
¯ˆ
ψγµ∂νψˆ+
¯ˆ
ψγν∂µψˆ
)
−i
ap0
2
(
¯ˆ
ψγµδνi∂iψˆ+
¯ˆ
ψγνδµi∂iψˆ
)
+
a
4
(
δµi
¯ˆ
ψγ0(∂i−
←−
∂i )∂
ν ψˆ+δνi
¯ˆ
ψγ0(∂i−
←−
∂i )∂
µψˆ
)
+h.c
(8.6)
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Note that all a-dependent terms coming from 2nd and 3rd terms in the above vanish for Tˆ 00.
Here we see that in the commutative limit, i.e, a → 0, the energy momentum tensor of Dirac field
reduces to the well-known form, T µν = i2
(
¯ˆ
ψγµ∂ν ψˆ +
¯ˆ
ψγν∂µψˆ
)
+ h.c. We use the Tˆ µν calculated in
Eq.(8.6) to obtain the deformed conserved momenta, Pˆµ =
∫
d3xTˆ µ0, as
Pˆµ =
∫
d3x
[
i
2
(
¯ˆ
ψγµ∂0ψˆ +
¯ˆ
ψγ0∂µψˆ
)
− i
ap0
2
¯ˆ
ψγ0δµi∂iψˆ +
a
4
δµi
¯ˆ
ψγ0(∂i −
←−
∂i )∂
0ψˆ + h.c
]
(8.7)
We also use deformed energy-momentum tensor expressed above, i.e, Tˆ µν , to construct the κ-deformed
angular momentum operator from the relation Mˆµν =
∫
d3x(Tˆ µ0xˆν − Tˆ ν0xˆµ) =
∫
d3x(Pˆµxˆν − Pˆ ν xˆµ).
Thus
Mˆµν =
∫
d3x
([
i
2
(
¯ˆ
ψγµ∂0ψˆ +
¯ˆ
ψγ0∂µψˆ
)
xν +
i
2
ap0
(
¯ˆ
ψγµ∂0ψˆ +
¯ˆ
ψγ0∂µψˆ
)
xν − i
ap0
2
¯ˆ
ψγ0δµi∂iψˆx
ν
+
a
4
δµi
¯ˆ
ψγ0(∂i −
←−
∂i )∂
0ψˆxν
]
−
[
i
2
(
¯ˆ
ψγν∂0ψˆ +
¯ˆ
ψγ0∂νψˆ
)
xµ +
i
2
ap0
(
¯ˆ
ψγν∂0ψˆ +
¯ˆ
ψγ0∂νψˆ
)
xµ
− i
ap0
2
¯ˆ
ψγ0δνi∂iψˆx
µ +
a
4
δνi
¯ˆ
ψγ0(∂i −
←−
∂i )∂
0ψˆxµ
]
+ h.c
) (8.8)
We see that in the commutative limit, i.e, a → 0, the angular momentum tensor for the Dirac field
becomes Mµν =
∫
d3x
(
i
2(
¯ˆ
ψγµ∂0ψˆ +
¯ˆ
ψγ0∂µψˆ)xν − i2(
¯ˆ
ψγν∂0ψˆ +
¯ˆ
ψγ0∂νψˆ)xµ + h.c
)
. Straight forward
calculations show that the Pˆµ and Mˆµν derived in Eq.(8.7) and Eq.(8.8) satisfy the undeformed κ-
Poincare algebra [10].
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